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Abstract
An n× n real matrix is said to be totally positive if every minor is non-negative. In this
paper, we are interested in totally positive completion problems, that is, does a partial totally
positive matrix have a totally positive matrix completion? This problem has, in general, a
negative answer. Therefore, we analyze the question: for which labeled graphs G does every
partial totally positive matrix, whose associated graph isG, have a totally positive completion?
When G is a path or a cycle, we give necessary and sufficient conditions that guarantee the
existence of the desired completion.
© 2004 Elsevier Inc. All rights reserved.
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1. Introduction
A partial matrix over R is an n× n array in which some entries are specified,
while the remaining entries are free to be chosen from R. We make the assump-
tion throughout that all diagonal entries are prescribed. A completion of a partial
matrix is the conventional matrix resulting from a particular choice of values for the
unspecified entries. A matrix completion problem asks which partial matrices have
completions with some desired property.
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An n× n partial matrix is said to be combinatorially symmetric if the (i, j) entry
is specified if and only if the (j, i) entry is.
The specified positions in an n× n partial matrix A = (aij ) can be represented
by a graph GA = (V ,E), where the set of vertices V is {1, . . . , n} and {i, j}, i /= j ,
is an edge or arc if the (i, j) entry is specified. GA is an undirected graph when A is
combinatorially symmetric and a directed graph otherwise. We omit loops since all
diagonal entries are specified.
An n× n real matrix is called a totally positive matrix if every minor is non-
negative. In particular, this means that every entry of a totally positive matrix is
non-negative. These matrices are having an increasing importance in approxima-
tion theory, combinatorics, statistic, economics, computer aided geometric design
and wavelets. See [1] for a comprehensive survey from an algebraic point of view
and historical references, and [5] for many classical applications of totally positive
matrices.
The submatrix of an n× n matrix A, lying in rows α and columns β, α, β ⊆ N =
{1, . . . , n}, is denoted by A[α|β], and the principal submatrix A[α|α] is abbreviated
to A[α]. Therefore, a real n× n matrix A is a totally positive matrix if detA[α|β] 
0, for all α, β ⊆ {1, . . . , n} such that |α| = |β|.
The following simple facts are very useful in the study of totally positive matrices.
Proposition 1.1. Let A = (aij ) be an n× n totally positive matrix.
1. If D is a positive diagonal matrix, then DA and AD are totally positive matrices.
2. If D is a positive diagonal matrix, then DAD−1 is a totally positive matrix.
3. Total positivity is not preserved by permutation similarity.
4. If B is a totally positive matrix, of size m×m, then the matrix[
A 0
0 B
]
,
is totally positive.
5. Any submatrix of A is a totally positive matrix.
In spite of total positivity not being preserved by permutation similarity, we can
establish the following result.
Proposition 1.2. Let A be a totally positive matrix, of size n× n, and let P be
the permutation matrix P = [n, n− 1, . . . , 2, 1]. Then PAP T is a totally positive
matrix.
The last property of Proposition 1.1 allows us to give the following definition.
Definition 1.1. A partial matrix is said to be a partial totally positive matrix if every
completely specified submatrix is a totally positive matrix.
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Our interest here is in the totally positive matrix completion problem, that is, does
a partial totally positive matrix have a totally positive matrix completion? The prob-
lem has, in general, a negative answer for combinatorially and non-combinatorially
symmetric partial matrices.
Example 1.1. (a) Let A be the following non-combinatorially symmetric partial
totally positive matrix
A =

 1 x12 0.81 1 x23
x31 1 0.7

 .
A has no a totally positive completion since detA[{1, 2}|{1, 3}]  0 and detA[{2, 3}|
{2, 3}]  0 if and only if x23  0.8 and x23  0.7, which is impossible.
(b) Let B be the following combinatorially symmetric partial totally positive
matrix
B =


1 1 x13 0.8
0.8 1 1 x24
x31 0.2 1 0.7
0.1 x42 0.2 1

 .
In analogous way to case (a), matrixB has no a totally positive completion since if
detB[{1, 2}|{2, 4}]  0 and detB[{2, 3}|{3, 4}]  0, then x24  0.8 and x24  0.7,
which is a contradiction.
Taking into account the above example, the first natural question is: for which
graphsG does every partial totally positive matrix, the graph of whose specified entr-
ies is G, have a totally positive completion? In this paper we are going to work with
combinatorially symmetric partial matrices and therefore with undirected graphs.
From property (4) of Proposition 1.1 we can work, without loss of generality,
with connected graphs. On the other hand, since total positivity is not preserved by
permutation similarity, we must consider labeled graphs, that is, graphs in which the
numbering of the vertices is fixed.
A path is a sequence of edges {i1, i2}, {i2, i3}, . . . , {ik−1, ik} in which all vertices
are distinct. A cycle is a closed path, that is a path in which the first and the last
vertices coincide. A graph G is said to be chordal if there are no minimal cycles
of length greater than or equal to 4 (see [2]). A graph is complete if it includes all
possible edges between its vertices. A clique is an induced subgraph that is complete.
A graph G is said to be 1-chordal graph [2] if G is a chordal graph in which every
pair of maximal cliques Ci , Cj , Ci /= Cj , intersect in at most one vertex. A mono-
tonically labeled 1-chordal graph (see [3]) is a labeled 1-chordal graph in which the
maximal cliques are labeled in natural order, that is, for every pair of maximal cliques
Ci , Cj , in which i < j and Ci ∩ Cj = {u}, the labeling within the two cliques is
such that every element of {v : v ∈ Ci − u} is labeled less than u and every element
of {w : w ∈ Cj − u} is labeled greater than u. In analogous way, we say that a path,
a cycle, . . . . , is monotonically labeled if it is labeled in natural order.
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In [3], the totally positive completion problem is solved for connected mono-
tonically labeled 1-chordal graphs. The proof of sufficiency, however, relies on the
invertibility of the specified principal submatrices. We can relax, as the authors
suggest, this invertibility assumption and, by using the same completion as [3], we
obtain the following result.
Theorem 1.1. Let G be a labeled graph on n vertices. Every partial totally positive
matrix A, the labeled graph of whose specified entries is G, has a totally positive
completion if and only if G is a monotonically labeled 1-chordal graph.
In Section 2 we analyze the totally positive completion problem for some special
case of chordal graphs. In each case we obtain necessary and sufficient conditions for
the existence of a totally positive completion when the graph is not monotonically
labeled. In Section 3 we study the mentioned completion problem for a partial matrix
whose associated graph is a path that is not monotonically labeled. Finally, in Section
4 we show that the “SS-diagonal condition” is a necessary and sufficient condition in
order to obtain a totally positive completion of a partial totally positive matrix whose
graph is a monotonically labeled cycle. In order to simplify the reasoning, we con-
sider partial totally positive matrix with all diagonal entries positive. If some diagonal
entries were zero our matrix becomes one of several degenerate cases [6]. On the
other hand, we are going to consider all off-diagonal specified entries non-zero, since
in other case the results do not hold.
2. 1-Chordal graphs
If G is a monotonically labeled 1-chordal graph, from Theorem 1.1, every partial
totally positive matrix A, the graph of whose specified entries is G, has a totally
positive completion. But, what does happen if G is 1-chordal graph that is not mono-
tonically labeled? In general, the completion problem has a negative answer, as we
can see in the following example.
Example 2.1. Let A be the following partial totally positive matrix whose graph is
a path that is not monotonically labeled
A =

 1 x12 2x21 1 1
1 1 2

 .
Matrix A has no a totally positive completion because if detA[{1, 2}|{2, 3}] = x12 −
2  0 and detA[{2, 3}|{1, 2}] = x21 − 1  0, then x12x21  2. However, if det
A[{1, 2}|{1, 2}] = 1 − x12x21  0, then x12x21  1.
C. Jorda´n, J.R. Torregrosa / Linear Algebra and its Applications 393 (2004) 259–274 263
We may assume that every partial totally positive matrix, the graph of whose
specified entries is the path of the above example, has the form
A =

 1 x12 a13x21 1 a23
a31 a32 1

 .
In order to obtain a totally positive completion in a similar way to 1-chordal case of
Theorem 1.1, we complete in the following way
Ac =

 1 a13/a23 a13a31/a32 1 a23
a31 a32 1

 .
It is easy to see that Ac is totally positive if a13a31  a23a32.
On the other hand, if G is not a monotonically labeled graph, there is at least three
vertices {i, j, k}, i < j < k, whose relative positions in G are:
or
Therefore, we introduce the following definition.
Definition 2.1. Let G be a path with three vertices that is not monotonically labeled
We say that the partial matrix A, the graph of whose specified entries is G, satisfies
the “P-condition” when:
(a) If j < i < k (or k < i < j ), then ajkakj  (akk/aii)aij aji .
(b) If i < k < j (or j < k < i), then aij aji  (aii/akk)akj ajk .
In general, we say that a partial matrix A of size n× n, the graph of whose speci-
fied entries is not a monotonically labeled graph, satisfies the “P-condition” if every
principal submatrix of size 3 × 3, whose associated graph is a path that is not mono-
tonically labeled, satisfies the above inequalities.
Using this definition we can establish the following result.
Proposition 2.1. Let A be a partial totally positive matrix of size 3 × 3, whose
associated graph GA is a path that is not monotonically labeled. There exists a
totally positive completion if and only if A satisfies the P-condition.
Proof. Taking into account Proposition 1.2, we can reduce all the cases of GA to
two: path {1, 3}, {3, 2} and path {2, 1}, {1, 3}. We are going to study the first case.
The other is completely analogous.
264 C. Jorda´n, J.R. Torregrosa / Linear Algebra and its Applications 393 (2004) 259–274
We can assume that matrix A has the form
A =

 1 x12 a13x21 1 a23
a31 a32 1

 .
Consider the following completion of A:
Ac =

 1 a13/a23 a13a31/a32 1 a23
a31 a32 1

 .
By using the P-condition, it is easy to verify that the 2 × 2 submatrices are totally
positive. Moreover
detAc =
(
1 − a13a31
a23a32
)
detA[{2, 3}],
which is non-negative by the P-condition.
Now, let us see the necessity of the P-condition. Suppose that there exists a totally
positive completion Ac of A, x12 = c12 and x21 = c21. Then
detAc[{1, 2}|{2, 3}] = c12a23 − a13  0 ⇒ c12a23  a13,
detAc[{1, 3}|{1, 2}] = a32 − a31c12  0 ⇒ a32  a31c12.
We multiply the first inequality by a31 and use the second inequality to generate the
P-condition a13a31  a23a32. This completes the proof. 
We commented at the end of Section 1 that, if some specified entries of the partial
matrix are zero the above result does not hold. Let us see the following example.
Example 2.2. Let A be the following partial totally positive matrix whose graph is
a path that is not monotonically labeled:
A =

 1 x12 2x21 1 0
0 3 1

 .
Matrix A satisfies the P-condition, but it has no a totally positive completion because
detA[{1, 2}|{2, 3}] = −2 < 0.
The P-condition allows us to obtain a totally positive completion of a partial
totally positive matrix, whose associated graph is a very special instance of a 1-
chordal graph that is not monotonically labeled.
Lemma 2.1. Let G be a graph containing a clique on vertices {1, 2, . . . , n− 1} and
a vertex n adjacent to one vertex of {1, 2, . . . , n− 2}. Every partial totally positive
matrix A, the graph of whose specified entries is G, has a totally positive completion
if and only if A satisfies the P-condition.
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Proof. Suppose that vertex n is adjacent with vertex j , j ∈ {1, 2, . . . , n− 2}. We
may assume that matrix A has the form
A =


1 a12 · · · a1j · · · a1n−1 x1n
a21 1 · · · a2j · · · a2n−1 x2n
...
...
...
...
...
aj1 aj2 · · · 1 · · · ajn−1 ajn
...
...
...
...
...
an−11 an−12 · · · an−1j · · · 1 xn−1n
xn1 xn2 · · · anj · · · xnn−1 1


.
Since the submatrix associated to the path {n− 1, j}, {j, n} satisfies the P-condition,
we get anjajn  an−1j ajn−1. By completing the principal submatrix A[{n− 1, n}]
as
A[{n− 1, n}]c =
[
1 ajn/ajn−1
anj /an−1j 1
]
,
and
xkn = akn−1ajn
ajn−1
, k = 1, 2, . . . , j − 1, j + 1, . . . , n− 2,
xnk = an−1kanj
an−1j
, k = 1, 2, . . . , j − 1, j + 1, . . . , n− 2,
we obtain a completion Ac of A. To prove that Ac is a totally positive matrix, we
need to show that detAc[α|β]  0, for all α, β ⊆ {1, . . . , n} such that |α| = |β| and
n ∈ α or n ∈ β. Consider the following cases:
(a) If n ∈ α and n ∈ β, β = {β1, . . . , βk−1, n}, then
detAc[α|β] = ajn
ajn−1
detAc[α|{β1, . . . , βk−1, n− 1}]  0.
(b) If n ∈ α, α = {α1, . . . , αk−1, n}, and n ∈ β, then
detAc[α|β] = anj
an−1j
detAc[{α1, . . . , αk−1, n− 1}|β]  0.
(c) If n ∈ α, α = {α1, . . . , αk−1, n}, and n ∈ β, β = {β1, . . . , βk−1, n}, then
detAc[α|β]
= anjajn
an−1j ajn−1
detAc[{α1, . . . , αk−1, n− 1}|{β1, . . . , βk−1, n− 1}]
+ detAc[{n− 1, n}] detAc[{α1, . . . , αk−1}|{β1, . . . , βk−1}]  0.
Now, suppose that there exists a totally positive completion Ac = (cij ) of A.
We are going to see the necessity of the P-condition. From detAc[{j, n− 1}|{n−
1, n}]  0 and detAc[{n− 1, n}|{j, n}]  0 we have the inequality anjajn  an−1j
ajn−1. In analogous way we obtain the remaining inequalities of the P-condition. 
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We observe that if the vertex n is adjacent to vertex n− 1, G is a monotonically
labeled 1-chordal graph.
We can extend the last result in the following way.
Theorem 2.1. Let G be a graph containing a clique on vertices {1, 2, . . . , k} and
with vertices {k + 1, k + 2, . . . , n} adjacent to one vertex of {1, 2, . . . , k}. Every
partial totally positive matrix A, the graph of whose specified entries is G, has a
totally positive completion if and only if A satisfies the P-condition.
Proof. Suppose that vertices {k + 1, k + 2, . . . , n} are adjacent with vertex j , j ∈
{1, 2, . . . , k}. We may assume that matrix A has the form
A =


1 a12 · · · a1j · · · a1k x1k+1 · · · x1n
a21 1 · · · a2j · · · a2k x2k+1 · · · x2n
...
...
...
...
...
...
aj1 aj2 · · · 1 · · · ajk ajk+1 · · · ajn
...
...
...
...
...
...
ak1 ak2 · · · akj · · · 1 xkk+1 · · · xkn
xk+11 xk+12 · · · ak+1j · · · xk+1k 1 · · · xk+1n
...
...
...
...
...
...
xn1 xn2 · · · anj · · · xnk xnk+1 · · · 1


.
We suppose that A satisfies the P-condition. The proof is by induction on number
p of vertices adjacent with vertex j . If p = 1 we apply Lemma 2.1. Suppose that
we can obtain a totally positive completion A1c of A1 = A[{1, 2, . . . , n− 1}]. We
denote by A′ the partial totally positive matrix obtained from A by replacing A1
by A1c . By applying again Lemma 2.1 to matrix A′ we obtain a totally positive
completion Ac of A.
In analogous way to the proof of Lemma 2.1 we obtain the necessity of the P-
condition. 
The next result is an special case of the above theorem.
Corollary 2.1. Let A be an n× n partial totally positive matrix, with only one row
and column completely specified and the remaining off-diagonal entries unspeci-
fied. There exists a totally positive completion of A if and only if A satisfies the
P-condition.
Proof. Suppose that the row and column k are totally specified and the matrix A sat-
isfies the P-condition. If we apply Theorem 2.1 to the submatrixA[{k, k + 1, . . . , n}]
we obtain a totally positive completionA[{k, k+ 1, . . . , n}]c. Analogously, by apply-
ing the mentioned theorem to the matrix PA[{1, 2, . . . , k}]P T, where P is the per-
mutation matrix P = [k, k − 1, . . . , 1], we obtain a totally positive completion
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A[{1, 2, . . . , k}]c of A[{1, 2, . . . , k}]. Let A¯ be the new partial totally positive mat-
rix obtained from A by replacing the submatrices A[{1, 2, . . . , k}] and A[{k, k +
1, . . . , n}] by its corresponding completions. By applying Theorem 1.1 to A¯ we
obtain the desired completion of A.
In analogous way to the proof of Theorem 2.1 we obtain the necessity of the
P-condition. 
3. Paths
Let A be an n× n partial totally positive matrix, the graph of whose specified
entries is a path GA. If GA is monotonically labeled, from Theorem 1.1 we know
there exists a totally positive completion Ac of A. If n = 3 and GA is not monotoni-
cally labeled, we have seen in the previous section that the P-condition is a necessary
and sufficient condition to guarantee the existence of a totally positive completion of
A; but for n  4 we conjecture that the mentioned condition is not sufficient.
In order to obtain a sufficient condition for the existence of a totally positive
completion of a n× n, n  4, partial totally positive matrix, whose associated graph
is a path that is not monotonically labeled, we extend the idea of the completion used
in Theorem 1.1.
Let A be a partial matrix, of size n× n, looks like
A =


A11 a12 A13
aT21 1 a
T
23
A31 a32 A33

 ,
where blocks A11 and A33 are totally specified and the other ones can contain speci-
fied and unspecified entries. Any completion of A obtained by replacing the unspec-
ified entries such that
A13 = a12aT23 and A31 = a32aT21
is called C-completion of A. It is easy to see that any partial matrix, the graph of
whose specified entries is a path that is not monotonically labeled, has a C-comple-
tion.
Definition 3.1. Let A be an n× n partial matrix whose associated graph is a path
{i1, i2}, {i2, i3}, . . . , {in−1, in}, that is not monotonically labeled. We define the CP-
condition in a recursive way as follows:
(a) for n = 3, the CP-condition coincide with the P-condition.
(b) for n  4, consider the partial matrix A¯3 obtained from A by replacing the subm-
atrix A[{i1, i2, i3}] by its C-completion. Let A¯k be, k = 4, 5, . . . , n, the matrix
obtained from A¯k−1 recursively by replacing the submatrix A¯k−1[{i1, i2, . . . ik}]
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by its C-completion. We say that matrix A satisfies the CP-condition if the
matrices associated to the paths {ij , ik−1}, {ik−1, ik}, j = 1, 2, . . . , k − 2, k =
3, 4, . . . , n, of GA¯k satisfy the P-condition.
Observe that the C-completion of A obtained by the above procedure is unique.
Example 3.1. We consider the following 5 × 5 partial matrix A:
A =


1 x12 a13 a14 x15
x21 1 x23 x24 a25
a31 x32 1 x34 a35
a41 x42 x43 1 x45
x51 a52 a53 x54 1

 ,
whose associated graph is the path {4, 1}, {1, 3}, {3, 5}, {5, 2}, that is not monotoni-
cally labeled.
Now we are going to see for this example what are the set of inequalities that
constitutes the CP-condition.
First we consider the C-completion of A[{4, 1, 3}] in order to obtain A¯3. So
A¯3 =


1 x12 a13 a14 x15
x21 1 x23 x24 a25
a31 x32 1 a14/a13 a35
a41 x42 a41/a31 1 x45
x51 a52 a53 x54 1


The submatrix of A¯3 associated to the path {4, 1}, {1, 3} satisfies the P-condition
if a14a41  a13a31.
Let k = 4. Now, we obtain A¯4 by replacing the submatrix A¯3[{4, 1, 3, 5}] by its
C-completion. Specifically
A¯4 =


1 x12 a13 a14 a35a13
x21 1 x23 x24 a25
a31 x32 1 a14/a13 a35
a41 x42 a41/a31 1 a35a13/a14
a53a31 a52 a53 a53a31/a41 1

 .
If a35a53a13a31  a14a41, the submatrices of A¯4 associated to the paths {4, 3}, {3, 5}
and {1, 3}, {3, 5} satisfy the P-condition.
Finally we get the completion A¯5 from A¯4 by replacing the submatrix A¯4[{4, 1, 3,
5, 2}] by its C-completion, that is,
A¯5 =


1 a35a13/a25 a13 a14 a13a35
a53a31/a52 1 a25/a35 a14a25/a13a35 a25
a31 a52/a53 1 a14/a13 a35
a41 a41a52/a31a53 a41/a31 1 a13a35/a14
a53a31 a52 a53 a31a53/a41 1

 .
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The set of inequalities obtained in this case from the paths {4, 5}, {5, 2}; {1, 5}, {5, 2}
and {3, 5}, {5, 2}, will be a14a41a25a52  a35a53a13a31, a35a53a13a31  a25a52 and
a25a52  a35a53 respectively.
Therefore, the CP-condition is the set of inequalities
(i) a14a41  a13a31
(ii) a35a53a13a31  a14a41
(iii) a14a41a25a52  a35a53a13a31
(iv) a35a53a13a31  a25a52
(v) a25a52  a35a53
In addition, as we show now, A¯5 is a totally positive completion of A. Consider
the partial matrix
A¯5x =


1 a35a13/a25 x13 x14 x15
a53a31/a52 1 a25/a35 a14a25/a13a35 a25
x31 a52/a53 1 a14/a13 a35
x41 a41a52/a31a53 a41/a31 1 a13a35/a14
x51 a52 a53 a31a53/a41 1

 ,
whose associated graph is a monotonically labeled 1-chordal graph.
If we prove that submatrices A¯5x[{1, 2}] and A¯5x[{2, 3, 4, 5}] are partial totally
positive matrices, the usual completion in 1-chordal cases allows us to ensure that
A¯5 is a totally positive matrix.
From the inequality (iv) the submatrix A¯5x[{1, 2}] is a totally positive matrix.
By applying Lemma 2.1 to the matrix

1 x23 x24 a25
x32 1 a14/a13 a35
x42 a14/a31 1 a13a35/a14
a52 a53 a31a53/a41 1

 ,
we get that the submatrix A¯5x[{2, 3, 4, 5}] is a totally positive matrix.
Theorem 3.1. Let A be an n× n partial totally positive matrix, whose associated
graph is a path, {i1, i2}, {i2, i3}, . . . , {in−1, in}, that is not monotonically labeled. If
A satisfies the CP-condition, then there exists a totally positive completion Ac of A.
Proof. We are going to proof that if A satisfies the mentioned conditions, the matrix
A¯n obtained by the process described in the above definition is a totally positive
completion of A. The proof is by induction on n. If n = 3 we apply Proposition 2.1.
Let us suppose that the result is true for the matrix An−1 = A[{i1, i2, . . . , in−1}].
Then the completion A¯n−1 of An−1 = A[{i1, i2, . . . , in−1}] obtained following the
process of the Definition 3.1 is a totally positive completion of An−1. Then the sub-
matrices T1 = A¯n−1[{1, 2, . . . , in − 1}] and T2 = A¯n−1[{in + 1, in + 2, . . . , n}] are
also totally positive matrices. Consider the matrices
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B =
[
T1 A[{1, 2, . . . , in − 1}|{in}]
A[{in}|{1, 2, . . . , in − 1}] 1
]
and
C =
[
1 A[{in}|{in + 1, in + 2, . . . , n}]
A[{in + 1, in + 2, . . . , n}|{in}] T2
]
.
Observe the trivial cases, B = [1] or C = [1], that occur when in = 1 or in = n
respectively.
By applying Lemma 2.1 to matrices B and C we have the totally positive com-
pletions
Bc = A¯n[{1, 2, . . . , in − 1, in}] =
[
T1 B12
BT21 1
]
and
Cc = A¯[{in, in + 1, in + 2, . . . , n}] =
[
1 CT12
C21 T2
]
,
respectively.
Now, consider the matrix
D =


T1 B12 X
BT21 1 C
T
12
Y C21 T2

 ,
where X and Y are completely unspecified matrices. D is a partial totally positive
matrix whose associated graph is a 1-chordal graph. So, by using the usual comple-
tion X = B12CT12 and Y = C21BT21, we obtain the totally positive completion Dc =
A¯n of A. 
4. Cycles
In this section we solve the totally positive completion problem for partial matri-
ces whose associated graph is a cycle. In general, the mentioned problem has a neg-
ative answer for cycles that are or not monotonically labeled. For the first case we
have the matrix B of Example 1.1. Observe that this matrix satisfies the P-condition,
so this condition is not sufficient.
We can extend this example to n× n matrices. The matrix B = (bij ) such that
bij = 1, ∀i, j, |i − j |  1, except bn−1n = 0.7, b1n = 0.8, bn1 = 0.1 and the remain-
ing entries unspecified, is a partial totally positive matrix whose associated graph is
a monotonically labeled cycle and that satisfies the P-condition. As in Example 1.1
it is possible to prove that this matrix has no a totally positive completion.
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For the second case, cycles that are not monotonically labeled, we can see the
following example.
Example 4.1. The following partial totally positive matrix, whose associated graph
is a cycle that is not monotonically labeled,
A =


1 1 0.01 x14
1 1 x23 0.02
0.01 x32 1 1
x41 0.02 1 1

 ,
satisfies the P-condition. However it has no totally positive matrix completion, since
from
detA[{1, 2}|{3, 4}]  0 and detA[{2, 3}|{3, 4}]  0
we obtain x14  0.01. On the other hand, from detA[{3, 4}|{1, 4}]  0 we have
x41  0.01. These values give detA[{1, 2, 4}] < 0.
The matrix of size 3 × 3 whose associated graph is a cycle, is completely speci-
fied, and we can assume that it has the form
A =

 1 a12 a13a21 1 a23
a31 a32 1

 .
It is easy to observe that the conditions a12a23  a13 and a32a21  a31 are necessary
in order to detA[{1, 2}|{2, 3}]  0, detA[{2, 3}|{1, 2}]  0 and detA  0.
Now we extend the above conditions for matrices of size n× n, whose associated
graph is a monotonically labeled cycle, and we analyze them in order to obtain a
totally positive completion. We can assume, without loss of generality, that this type
of matrices have the form:
A =


1 a12 x13 · · · x1n−1 a1n
a21 1 a23 · · · x2n−1 x2n
x31 a32 1 · · · x3n−1 x3n
...
...
...
...
...
xn−11 xn−12 xn−13 · · · 1 an−1n
an1 xn2 xn3 · · · ann−1 1


.
Definition 4.1. Let A = (aij ) a partial totally positive matrix, of size n× n, whose
associated graph is a monotonically labeled cycle. We say that A satisfies the “SS-
diagonal condition” if
a12a23 · · · an−1n  a1n and ann−1an−1n−2 · · · a21  an1.
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Lemma 4.1. Let A be a partial totally positive matrix, of size 4 × 4, whose graph
is a monotonically labeled cycle. There exists a totally positive completion Ac of A
if and only if A satisfies the SS-diagonal condition.
Proof. Suppose that there exists a totally positive completion Ac of A,
Ac =


1 a12 c13 a14
a21 1 a23 c24
c31 a32 1 a34
a41 c42 a43 1

 .
From detAc[{1, 2}|{2, 3}]  0 and detAc[{1, 3}|{3, 4}]  0, we get a12a23a34  a14.
An analogous reasoning for detA[{2, 3}|{1, 2}] and detA[{3, 4}|{1, 3}] gives the
condition a43a32a21  a41. So the SS-diagonal condition is necessary for the exis-
tence of a totally positive completion.
For the sufficiency we take the completion
Ac =


1 a12 a12a23 a14
a21 1 a23 a14/a12
a41/a43 a32 1 a34
a41 a43a32 a43 1

 .
We must verify whether this completion is totally positive. The 2 × 2 and 3 × 3
submatrices are easily verified to be totally positive, by using the SS-diagonal condi-
tion to show the non-negativity of some of its determinants. Finally, it is easy to see
that
detAc = (1 − a43a34) detAc[{1, 2, 3}]  0.
So Ac is totally positive. 
Theorem 4.1. LetA be a partial totally positive matrix, of size n× n, n  4, whose
graph is a monotonically labeled cycle. There exists a totally positive completion Ac
of A if and only if A satisfies the SS-diagonal condition.
Proof. Let A be an n× n, n  4, partial totally positive matrix, whose associated
graph is a monotonically labeled cycle.
We get the necessary condition a12a23 · · · an−1n  a1n by combining the condi-
tions obtained from detA[{1, 2}|{2, 3}]  0, detA[{1, 3}|{3, 4}]  0, . . . , det
A[{1, n− 1}|{n− 1, n}]  0. Analogously, from detA[{2, 3}|{1, 2}]  0, det
A[{3, 4}|{1, 3}]  0, . . . , detA[{n− 1, n}|{1, n− 1}]  0 we obtain the necessary
condition ann−1an−1n−2 · · · a21  an1.
The proof of the sufficiency of the SS-diagonal condition is by induction on n. If
n = 4 we apply Lemma 4.1. Let A be an n× n, n > 4, partial matrix that satisfies
the SS-diagonal condition. Consider the new partial totally positive matrix
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B =


1 a12 x13 · · · x1n−2 a1n/an−1n x1n
a21 1 a23 · · · x2n−2 x2n−1 x2n
x31 a32 1 · · · x3n−2 x3n−1 x3n
...
...
...
...
...
...
xn−21 xn−22 xn−23 · · · 1 an−2n−1 xn−2n
an1/ann−1 xn−12 xn−13 · · · an−1n−2 1 an−1n
xn1 xn2 xn3 · · · xnn−2 ann−1 1


.
The principal submatrixB[{1, 2, . . . , n− 1}] is a partial totally positive matrix, of
size (n− 1)× (n− 1), that satisfies the SS-diagonal condition and whose associate
graph is a monotonically labeled cycle. By induction hypothesis, there exists a totally
positive completion B[{1, 2, . . . , n− 1}]c of that submatrix.
Let B¯ be the partial totally positive matrix obtained from B by replacing the
principal submatrix B[{1, 2, . . . , n− 1}] by its completion,
B¯ =


1 a12 c13 · · · c1n−2 a1n/an−1n x1n
a21 1 a23 · · · c2n−2 c2n−1 x2n
c31 a32 1 · · · c3n−2 c3n−1 x3n
...
...
...
...
...
...
cn−21 cn−22 cn−23 · · · 1 an−2n−1 xn−2n
an1/ann−1 cn−12 cn−13 · · · an−1n−2 1 an−1n
xn1 xn2 xn3 · · · xnn−2 ann−1 1


.
The associated graph of B¯ is a monotonically labeled 1-chordal one with two maxi-
mal cliques. By completing as usual in the 1-chordal case
x1n = a1nan−1n an−1n = a1n,
xin = cin−1an−1n, i = 2, . . . , n− 3,
xn−2n = an−2n−1an−1n,
xn1 = an1ann−1 ann−1 = an1,
xnj = cn−1j ann−1, j = 2, . . . , n− 3,
xnn−2 = an−1n−2ann−1,
we obtain a totally positive completion B¯c of B¯. Observe that B¯c is also a totally
positive completion of A. 
If we analyze the existence of a totally positive completion of a partial totally
positive matrix, whose graph is a cycle that is not monotonically labeled, we can
observe that the SS-diagonal condition and the SPP-condition, introduced by John-
son and Smith in [4], are necessary conditions. But, what are sufficient conditions?
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